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B. A. (Part III) EXAMINATION, 2020 

MATHEMATICS 

Paper Second 

(Abstract Algebra) 

Time : Three Hours ]  [ Maximum Marks : 50 

uksV % izR;sd iz’u ls dksbZ nks Hkkx gy dhft,A lHkh iz’uksa d¢ vad 

leku gSaA 

 Attempt any two parts of each question. All questions 

carry equal marks. 

1- ¼v½ fl) dhft, fd G ds lHkh vkarfjd Lokdkfjrkvksa dk leqPp; 

In (G), Aut (G) dk ,d izlkekU; milewg gksrk gS rFkk ;g 

G ds foHkkx lewg G/Z ls rqY;kdkjh gksrk gS] tgk¡ Z, G dk 

dsUnz gSA  

Prove that the set In (G) of all inner automorphism of a 

group G is a normal subgroup of Aut (G) and is 

isomorphic to the quotient group G/Z of G, where Z is 

the centre of G.  

¼c½ flyks dk f}rh; izes; fyf[k, ,oa fl) dhft,A 

State and prove second Sylow’s theorem.  
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¼l½ fl) dhft, fd G izlkekU; milewgksa 1 2N , N , ....., Nn dk 

vkarfjd ljy xq.kuQy gS ;fn vkSj dsoy ;fn % 

(i) 1 2G N N ...... Nn  

(ii) 1 2 1 1N (N N ..... N N ..... N )i i i n   = (e),  

i = 1, 2, ...., n ds fy,  

Prove that G is the internal direct product of the normal 

subgroups 1 2N , N , ....., Nn  if and only if : 

(i) 1 2G N N ...... Nn  

(ii) 1 2 1 1N (N N ..... N N ..... N )i i i n   = (e),  

for i = 1, 2, ...., n 

bdkbZ&2 

(UNIT—2) 

2- ¼v½ ;fn f] oy; (R, +, .) ls vkPNknd oy; (R', +', .') ij 

lekdkfjrk gS] rks fl) dhft, fd % 

(R/ kerf, , .) (R , , . )       

If f is a homomorphism from a ring (R, +, .) onto a ring 

(R', +', .'), then prove that :  

(R/ kerf, , .) (R , , . )      

¼c½ fl) dhft, fd LosPN oy; (R, +, .) ij lHkh cgqinksa dk 

leqPp; R [x], cgqinksa ds ;ksx vkSj xq.ku ds lkis{k ,d oy; 

gksrk gSA  

Prove that the set R [x] of all polynomials over an 

arbitrary ring (R, +, .) is a ring with respect to addition 

and multiplication of polynomials.   
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¼l½ ;fn f ,d R-ekWM~;wy M var{ksZih ,d R-ekWM~;wy N dk ,d 

lekdkfjrk gS] rks fl) dhft, fd % 

(i) f (0) = 0 

(ii) f (–x) = – f (x) Mx    

If f is a homomorphism of an R-module M into an R-

module N, then prove that : 

(i) f (0) = 0 

(ii) f (–x) = – f (x) Mx    

bdkbZ&3 

(UNIT—3) 

3- ¼v½ fdlh lfn’k lef”V V (F) dh nks milef”V;ksa 1W  ,oa 2W  

dk la?k V (F) dh ,d milef”V gksxk ;fn vkSj dsoy ;fn os 

,d&nwljs esa vUrfoZ”V gkas] fl) dhft,A  

Prove that the union of two subspaces 1W  and 2W  of a 

vector space V (F) is a subspace if and only if one is 

contained in the other.  

¼c½ lfn’kksa (1, 2, 3), (1, 0, 1) ,oa (0, 1, 0) ds 3V (R)  esa 

jSf[kdr% Lora=rk ;k ijra=rk dh tk¡p dhft,A  

Examine linearly independency or dependency of 

vectors (1, 2, 3), (1, 0, 1) and (0, 1, 0) in 3V (R).  

¼l½ ;fn V ,d ifjfer foeh; lfn’k lef”V gS rFkk 1W  ,oa 2W  

nks milef”V gSa] rks fl) dhft, fd % 

dim ( 1W  + 2W ) = dim 1W  + dim 2W   

– dim ( 1 2W W ) 
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If 1W  and 2W  are two subspaces of a finite 

dimensional vector space V (F), then prove that : 

dim ( 1W  + 2W ) = dim 1W  + dim 2W   

– dim ( 1 2W W ) 

bdkbZ&4 

(UNIT—4) 

4- ¼v½ fl) dhft, fd leku {ks= ij nks ifjfer foeh; lfn’k 

lef”V;k¡ rqY;kdkjh gksrh gSa ;fn vkSj dsoy ;fn mudh foek,¡ 

leku gksaA 

Prove that two finite dimensional vector spaces over 

the same field are isomorphic if and only if they are of 

the same dimension.  

¼c½ ;fn {ks= F ij U vkSj V nks lfn’k lef”V;k¡ gSa rFkk ;fn T, 

U ls V esa ,d jSf[kd :ikUrj.k gS rFkk U ifjfer foeh; gS] 

rks fl) dhft, fd % 

tkfr (T) + ‘kwU;rk (T) = foek (U) 

If U and V be vector spaces over the field F and if T be 

a linear transformation from U into V. If U (F) is finite 

dimensional, then prove that : 

rank (T) + nullity (T) = dim (U) 

¼l½ n’kkZb, fd fuEufyf[kr vkO;wg A fod.khZ; gS % 

1 1 4

A 3 2 1

2 1 1
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Show that the following matrix A is diagonalizable : 

1 1 4

A 3 2 1

2 1 1

 
   
  

 

bdkbZ&5 

(UNIT—5) 

5- ¼v½ ;fn  vkSj  fdlh vkarj xq.ku lef”V V (F) ds lfn’k gSa] 

rc n’kkZb, fd % 

2 2 2 2
2 2            

ifj.kke dh T;kferh; O;k[;k Hkh dhft,A  

If  and are vectors in an inner product space V(F), 

then show that : 

2 2 2 2
2 2            

Interpret the result geometrically.  

¼c½ ;fn % 

1 2S { , , ......, }m     

,d vkarj xq.ku lef”V V eas lfn’kksa dk izlkekU; ykafcd 

leqPp; gS rFkk ;fn , S ds jSf[kd foLr̀fr esa gks vFkkZr~ 

L (S)  ] rc n’kkZb, fd % 

1

( , )
m

k k
k
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If :  

1 2S { , , ......, }m     

be an orthonormal set of vectors in an inner product 

space V and if  is in the linear span of S, then show 
that : 

1

( , )
m

k k
k

      

¼l½ xzke&f’eV ds ykafcd izØe dk iz;ksx djds 3V (R)  ds vk/kkj 

1 2 3B { , , }     ls izlkekU; ykafcd vk/kkj izkIr dhft,] 
tgk¡ % 

1   (1, 0, 0) 

2   (1, 1, 0) 

3   (1, 1, 1) 

Using Gram-Schmidt orthogonalization process find 
the orthonormal basis from the basis : 

1 2 3B { , , }     

of 3V (R) , where : 

1   (1, 0, 0) 

2   (1, 1, 0) 

3   (1, 1, 1) 
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